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Abstract. The KS map is revisited in terms of an S1-action in T ∗H0 with the bilinear
function as the associated momentum map. Indeed, the KS transformation maps the
S
1-fibers related to the mentioned action to single points. By means of this perspective
a second twin-bilinear function is obtained with an analogous S1-action. We also show
that the connection between the 4-D isotropic harmonic oscillator and the spatial Kepler
systems can be done in a straightforward way after regularization and through the exten-
sion to 4 degrees of freedom of the Euler angles, when the bilinear relation is imposed.
This connection incorporates both bilinear functions among the variables. We will show
that an alternative regularization separates the oscillator expressed in Projective Euler
variables. This setting takes advantage of the two bilinear functions and another integral
of the system including them among a new set of variables that allows to connect the 4-D
isotropic harmonic oscillator and the planar Kepler system. In addition, our approach
makes transparent that only when we refer to rectilinear solutions, both bilinear relations
defining the KS transformations are needed.
1. Introduction
The Kustaanheimo-Stiefel transformation, from now on KS , was introduced first in
[Kustaanheimo, 1964] in spinor formulation. However, in [Kustaanheimo and Stiefel, 1965]
the knowledge of spinor is suppressed and the transformation is presented within a matrix
setting. Its importance relies in the fact that it connects two of the most remarkable
systems of classical mechanics. Namely, the 4-D isotropic oscillator and the spatial Kepler
systems, which are some of the very rare few examples of maximally superintegrable and
are defined by the parametric Hamiltonian functions
(1) Hω = 1
2
4∑
i
(p2i + ω q
2
i ),
1
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and
(2) Kµ = 1
2
|y|2 − µ|x|
where ω and µ are positive parameters and x,y ∈ T ∗R30. The isotropic oscillator and the
bounded Kepler system describe orbits with the same geometry. However, from the dy-
namical point of view they show significant differences due to the origin displacement from
the center to the foci. Precisely, the incompleteness of the Kepler system flow may be the
major discrepancy and boosted a number of regularizing efforts. The connection between
both systems is not an evident issue and has a long history that goes back to the time
of Euler [Euler, 1767], which for the one dimensional Kepler motion already established
the connection with the one dimensional harmonic oscillator by introducing a square-root
coordinate q =
√
x and a fictitious time. To mimic the process in the two dimensional
case took more than one and a half century, when Levi-Civita [Levi-Civita, 1920] bridged
the gap by introducing a conformal map. The final step was carried out by Kustaanheimo
and Stiefel in a striking way [Kustaanheimo and Stiefel, 1965], since the spatial Kepler
system is linked to the four dimensional oscillator. A few years later Moser [Moser, 1970]
also regularized the 3-D Kepler mapping it with the geodesic flow in the four dimensional
sphere.
In our study we focus on the KS map hinging on quaternions. This map was obtained
by imposing a generalization scheme to the Levi-Civita process and working with matri-
ces. As a result, the generalization of the Levi-Civita to the three dimensional case is not
easy and the process ends up with an 4-D system. Although, quaternions were first re-
jected by Stiefel and Scheifele [Stiefel and Scheifele, 1971] as a suitable tool for describing
regularization in celestial mechanics, subsequent studies refuted this idea [Vivarelli, 1985,
Deprit et al., 1994]. For a concise explanation of this fact see [Waldvogel, 2008] and the
references therein.
One of our aims is to review the issue of the extra dimension trying to seed some light
on this matter. Specifically, we refer to the bilinear relation appearing in the original
definition of this transformation and the key role it performs in the immersion of the 3-D
Kepler system in four dimensions. Moreover, we will define a second bilinear relation,
named as twin-bilinear, which plays an equivalent role. That is to say, they both are the
momentum maps of two S1-actions on T ∗H0 ≡ T ∗C20 ≡ T ∗R40. The KS map is closely
related to the named action since it maps S1-orbits in T ∗H0 to single points. This S
1-
point association of the KS map was already evidenced in [Saha, 2009] from a geometrical
interpretation point of view in terms of quaternions.
Additionally, we will show how the Projective Euler variables, which are a customized
version of the classical Euler angles studied in [Ferrer and Crespo, 2014], provide a straight-
forward way for reaching the KS transformation. Precisely, these set of variables provides
local coordinates for T ∗H0 that allows for “reading” the angles of the S
1 orbits associated to
the mentioned actions. The actual oscillator-Kepler connection is carried out by changing
to the Projective Euler variables plus a regularization. However, we discuss two possible
regularizations here; one of them allows for the mentioned connection. The other one
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makes the oscillator in these variables separable by splitting it in two 1-DOF subsystems.
Moreover, the action-angle variables associated to one of these subsystems (the spherical
rotor in the classical Euler angles) provides a new set of variables in which the connection
of the 4-D oscillator is now established with the planar Kepler system. This connection is
now determined regardless of the value of the bilinear and twin-bilinear momentum map.
Thus, our approach made transparent that only when we refer to rectilinear solutions, the
bilinear relation defining the KS transformation is needed.
Finally we outline the way in which the paper is organized. In Section 2 we briefly
review the Levi-Civita and KS transformations. The next Section 3 introduces the actions
allowing to explain the KS map and the bilinear relations in this context. Section 4 is
devoted to the Projective Euler coordinates, which provides a direct derivation of the KS
map by incorporating the angles associated to the action among the new variables. The
following step is to incorporate more symmetries to the variables. This process is carried
out by the Projective Andoyer coordinates, which connects the 4-D oscillator with a planar
Kepler system.
2. The Levi-Civita and KS maps
Before moving on to the substance of the Levi-Civita and the KS map we include here
some useful notation in quaternions that we will use later. The interested reader would
find a nice reference on quaternions in the text of [Kuipers, 1999].
The division ring of quaternions is denoted by H and is generated by the 4th four roots
of unity {1, i, j,k}, which satisfy the following rules
ii = jj = kk = −1, ijk = −1.
Thus we have that ij = jk = −ji = −1. The elements in H are then expressed as
x = x1 + x2i+ x3j + x4k.
These elements are made of a real part Re [x] = x1 plus the imaginary vector part Im [x] =
(x2i + x3j + x4k), which may be considered as a vector in R
3. Sometimes it will be
convenient to adopt the following notation x = x1 + x, where x = Im [x]. Quaternions
having zero scalar part are called pure or imaginary and may be regarded both as a vector
in R3 and as a quaternion. Multiplication is performed in the usual manner, like polynomial
multiplication, taking the above relations into account or alternatively making use of the
“dot” and “cross” product in R3
(3) x · y = (x1y1 − x · y , x1y + y1x + x× y).
For the sake of a cleaner notation we will drop the dot. Finally, we define x∗ = (x1,−x) to
be the conjugate quaternion of x. Finally, the norm of x is the length as a four dimensional
vector and is denoted by |x| = √xx∗ = √x∗x.
2.1. The Levi-Civita transformation. Along this section we will identify R2 with C and
the complex numbers as immersed in the quaternions by considering the last two coefficient
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corresponding to j and k identically zero. Hence, let x,q ∈ C be given by x = x1 + x2i
and q = q1 + q2i, the 2-D Levi-Civita map reads as follows
(4) x = q · 1 · q, x1 = q21 − q22 , x2 = 2q1q2.
This transformation may be lifted to the cotangent bundle T ∗C0 by imposing pdq = ydx.
Indeed, there are three more alternatives to (4) leading to equivalent transformations, all
of them correspond to any of the following ones
x = q · −1 · q, x1 = q22 − q21, x2 = −2q1q2,
x = q · i · q, x1 = −2q1q2, x2 = q21 − q22,
x = q · −i · q, x1 = 2q1q2, x2 = q22 − q21 .
(5)
Thus, the definition of the Levi-Civita transformation
LC : T ∗C0 −→ T ∗C0, (q,p)→ (x,y)
may be carried out with any of the above coordinate mappings. Here we recall the expres-
sion in the first case
x1 = q
2
1 − q22 , x2 = 2q1q2
y1 =
q1p1 − q2p2
2 (q21 + q
2
2)
, y2 =
q1p2 + q2p1
2 (q21 + q
2
2)
.
(6)
The Levi-Civita transformation may be used for regularization purposes. It is well
known that the flow of the Kepler system is not complete. Hence, to avoid this drawback
in the planar case, this transformation was introduced in [Levi-Civita, 1920]. Indeed, let
us consider the Hamiltonian of the Kepler system
K : T ∗R20 −→ R; (x,y)→
1
2
|y|2 − µ|x| ,
where µ > 0. In addition, for h 6= 0 we also examine the auxiliary Hamiltonian
H(x,y) =
|x|
h
(K + 2h2) + µ
h
,(7)
which associated Hamiltonian vector field read as follows
x˙ =
|x|
h
∂K
∂y
,
y˙ = −|x|
h
∂K
∂x
−
[
∂
∂x
( |x|
h
)
(K + 2h2)
]
.(8)
Note that for the energy level K = −2h2 the vector field associated with H matches with
K after applying the time regularization dt = |x|/hds. Then, after a straightforward
computation (9) may be given by
(9) H(x,y) =
|x|
E
[
1
2
|y|2 + 2h2
]
,
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which after making use of the Levi-Civita transformation becomes
H(q,p) = 1
2
( |p|2
4h
+ 4h|q|2
)
.
Finally, by assuming q = q/(2
√
h) and p = 2p
√
h and with a slight abuse of notation, we
get to the following more convenient expression
(10) H(q,p) = 1
2
(|q|2 + |p|2) .
In other words, the Levi-Civita map and the time scaling connected the 2-D Kepler and
the 2-D isotropic oscillator for a fixed energy value.
2.2. The Kustaanheimo-Stiefel map. The situation changes when we face the three
dimensional Kepler system since the generalization of the 2-D case is not straightforward.
The celebrated paper of [Kustaanheimo and Stiefel, 1965] represents a cornerstone in the
regularization of the spatial Kepler system, it was an attempt of extending the Levi-Civita
map to a transformation mapping two 4-dimensional spaces. Although they did not succeed
in defining such a transformation, these authors came with a mapping of R4 onto R3, the
well known KS map, which was good enough for regularization purposes.
In this section we recall some established facts regarding the KS map. Then, they will be
reconsidered from a new point of view. We start with the definition of the KS map, which
may be considered as a Hopf map type. In the literature there is not a common agreement
in the exact expression of this map as well as the way in which it is introduced. Namely, the
definition may be given by using an orthogonal matrix, [Kustaanheimo and Stiefel, 1965,
Roa et al., 2016], Pauli matrices, [Cushman and Bates, 2015, van der Meer, 2015] or alter-
natively hinging in quaternions [Saha, 2009]. We will follow the quaternionic approach
defining the KS map as it is given in [Saha, 2009]
KS : T ∗H0 −→ Σ ⊂ T ∗H0 (q,p)→ (x,y),
x = q∗ k q, y =
q∗ kp
2q∗ q
,
(11)
where T ∗Kn0 ≡ Kn − {0} ×Kn and the explicit formulas are given by
x =
(
0, 2 (q2q4 − q1q3), 2 (q1q2 + q3q4), q21 − q22 − q23 + q24
)
,
y =
1
2q∗ q
(
p1q4 − p4q1 + p2q3 − p3q2,
p4q2 + p2q4 − p1q3 − p3q1,
p2q1 + p1q2 + p4q3 + p3q4,
p1q1 − p2q2 − p3q3 + p4q4
)
.
(12)
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Considering the restriction of the KS map to the submanifold Ξ0 = 0, where we have
(13) Ξ0(q,p) = p1q4 − p4q1 + p2q3 − p3q2.
This constraint is equivalent up to indices permutation to the well known bilinear relation
and by impossing it, the KS-image set Σ becomes T ∗R30. Therefore, Ξ0 will be named as
the twin-bilinear function and Ξ0 = 0 the twin-bilinear relation, which yields a surjective
Poisson mapping on the image with respect to the Poisson structures comming from the
restriction of the standard symplectic form Ω = −dω and ω = Re [p∗dq]. The original
bilinear relation appearing in [Kustaanheimo and Stiefel, 1965] is given by
(14) Ξ1(q,p) = p1q4 − p4q1 + p3q2 − p2q3.
The reader would appreciate how quaternions help us providing an elegant and compact
definition of the KS map. In addition, it allows for several variations as in the Levi-Civita
case. Indeed, the following alternatives lead to a variety of index permutations
x = q∗ (±i)q, y = q
∗ (±i)p
2q∗ q
,
x = q∗ (±j)q, y = q
∗ (±j)p
2q∗ q
,
x = q∗ (±k)q, y = q
∗ (−k)p
2q∗ q
,
(15)
Note that this freedom of choice is an instance of the defining vector concept introduced in
[Breiter and K., 2017]. However, the differences between the definitions of the KS map in
[Kustaanheimo and Stiefel, 1965] and [Saha, 2009] are not explained by the defining vec-
tor1. Indeed, they require the geometric interpretation of both definitions to be explained.
In [Saha, 2009] it is pointed out that given (qβ,pβ) defined by
(16) (qβ,pβ) = ((cos β − sin β k)q, (cos β − sin β k)p)
(qβ ,pβ) and (q,p) correspond with the same image by KS. That is to say, KS maps T ∗H0
on T ∗R30 and the fiber associated to each x ∈ R30 is S1. A similar, but not equivalent,
interpretation may be given to the definition given in [Kustaanheimo and Stiefel, 1965].
Regarding T ∗H0 as T
∗
C
2
0, let x ∈ H0 given by x = (z,w), where z,w ∈ C and we have
that z corresponds to the indices 1, 4 and w is associated to indices 2, 3 of x. That is to
say, we consider x = z1 + w1i+ w2j+ z2k. Then, we define
(
qβ,pβ
)
by
(17)
(
qβ,pβ
)
=
(
eiβu, e−iβv, eiβz, e−iβw
)
.
1The definitions of the KS in [Kustaanheimo and Stiefel, 1965] and in [Saha, 2009] differ formally in a
permutation of the indices 1 and 4 of the quaternion components.
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3. Symmetries and Reduction on T ∗H0
The main feature of the KS map is that it allows to connect the harmonic oscillator and
the Kepler system. In the previous Section 2 we have seen that KS hinges in a particular
value of the bilinear functions. Now we pay more attention to the remaining bilinear choices
and additional quadratic functions that will play a fundamental role. They are defined by
τ1(q,p) = q1p1 + q2p2 + q3p3 + q4p4,
τ2(q,p) = 1/2(|q|2 − |p|2) ,
τ3(q,p) = 1/2(|q|2 + |p|2) ,
ρ1(q,p) = p2q1 − p1q2 + p4q3 − p3q4,
ρ2(q,p) = p3q1 − p1q3 + p4q2 − p2q4,
ρ3(q,p) = Ξ1(q,p) = p1q4 − p4q1 + p3q2 − p2q3,
σ1(q,p) = p1q2 − p2q1 + p3q4 − p4q3,
σ2(q,p) = p1q3 − p3q1 + p4q2 − p2q4,
σ3(q,p) = Ξ0(q,p) = p1q4 − p4q1 + p2q3 − p3q2,
(18)
for which the following claim was stated in [Ferrer and Crespo, 2014]. In T ∗H0 with the
standard Poisson bracket {, }, the sets of functions
τ = {τ1, τ2, τ3}, ρ = {ρ1, ρ2, ρ3}, σ = {σ1, σ2, σ3}
commute between each other and span Lie algebras in C∞(R8) isomorphic to sl(2,R), so(3)
and so(3) respectively. Therefore, R ≡ S ≡ SO(3) and T ≡ SL(2,R), where T , R and S
are the corresponding Lie groups to the Lie algebras τ , ρ and σ. In addition the function
(19) M(q,p) =
1
2
√
|q|2|p|2 − 〈q,p〉2
is the centralizer of R, S and T .
Thinking in the connection of the oscillator and the Kepler systems we consider τ3,
ρ and σ. The first function is the harmonic oscillator and the remaining ones span a
Lie algebra isomorphic to so(3) × so(3) ∼= so(4). Moreover, ρ and σ are full of “bilinear
functions”, that is, KS map admits alternative definitions by interchanging k in (11)
with i or j, which lead to the alternative bilinear pairs (ρ1, σ1) and (ρ2, σ2) respectively.
More precisely, ρi is always related to a KS definition equivalent to the one given in
[Kustaanheimo and Stiefel, 1965] and σi has to do with one definition among (15). In
what follows we are going to show how besides of the classical bilinear function there are
two more that come into play; the twin-bilinear and the centralizer M .
The geometric interpretations of the KS transformations given by (16) and (17) induce
in a natural way a pair of S1-actions for which each orbit is mapped to a single point by
the KS map. Namely, let us consider
(20) χi : S
1 × T ∗H0 −→ T ∗H0 χi(α,q,p) = (Riαq, Riαp),
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being R0α and R1α the rotations given by the following matrices
(21) R0α =


cosα 0 0 − sinα
0 cosα − sinα 0
0 sinα cosα 0
sinα 0 0 cosα


and
(22) R1α =


cosα 0 0 − sinα
0 cosα sinα 0
0 − sinα cosα 0
sinα 0 0 cosα

 .
Both actions are symplectic with respect to the symplectic form Ω and their momentum
maps are given by the bilinear and twin-bilinear functions respectively
(23) Ξi : T
∗
H0 −→ R (q,p)→ Ξi(q,p).
With the above definitions, it is easy to check that the restriction of the KS map to any
orbit of Ξ1, when defined as in [Kustaanheimo and Stiefel, 1965], is constant and the same
happens when we restrict the definition given in [Saha, 2009] to any orbit of Ξ0. Although
from now on we focus in the definition given in (11), what remains of this section is valid
to the KS map no matter what definition you choose.
Now we specialize to the case in which the bilinear and twin-bilinear relation are imposed,
then (11) restricts to
(24) KS0 : J i0 ⊂ T ∗H0 −→ T ∗R30 (q,p)→ (x,y),
where J i0 = Ξ−1i (0).
Proposition 1. The KS map induces a symplectomorphism between the regular χi-reduced
space J i0/S1 and T ∗R30.
Proof. Let us consider the canonical projection on the χi-reduced space
pi : J i0 −→ J i0/S1,
Given z = (q,p) ∈ J i0 , we denote by Oz ⊂ J i0 the χi-orbit through z. Thus, pi(w) = [z]
for all w ∈ Oz. That is, the projection of Oz in the reduced space is the class [z]. Then,
we have that the following map
K˜S0 : J i0/S1 −→ T ∗R30, [z]→ KS0(w)
where w is any point in Oz. Note that KS transformation maps orbits into single points
which guarantees that K˜S0 is well defined. Moreover, this map is a bijection and the
following diagram is commutative
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J i0 T ∗R30
J i0/S1
pi
KS0
K˜S0
Thus, since pi is a canonical map and so does KS0, we have that K˜S0 is a symplecto-
morphism between J i0 and T ∗R30. 
Traditionally in the literature [Kustaanheimo and Stiefel, 1965], the bilinear relation
has been emphasized versus the twin-bilinear relation. However, it is clear that both are
equivalent.
4. The KS Map Through the Projective Euler Variables
In this section we will provide a different way of deriving the KS map based in a modified
version of the Euler parameters. This set of variables is a modified version of the one
considered by [Ferrer, 2010] and we will show that the angles of the S1 reductions given
by the actions (20) are among the Projective Euler variables, which are defined by means
of the following transformation PEF : (ρ, φ, θ, ψ, P,Φ,Θ,Ψ)→ (q,p)
q1 =
√
ρ cos
θ
2
sin
φ+ ψ
2
, q3 =
√
ρ sin
θ
2
sin
φ− ψ
2
,(25)
q2 =
√
ρ sin
θ
2
cos
φ− ψ
2
, q4 =
√
ρ cos
θ
2
cos
φ+ ψ
2
,
with (ρ, φ, θ, ψ) ∈ R+× (0, 2pi)× (0, pi)× (0, 2pi). This set of variables is not new, see for in-
stance [Ikeda and Miyachi, 1971, Stiefel and Scheifele, 1971, Barut et al., 1979, Cornish, 1984]).
The associated momenta are obtained by canonical extension of (25), that is,
∑
pidqi =
P dρ+Φ dφ+Θ dθ +Ψ dψ
P =
1
2
∑
q2i
(q1p1 + q2p2 + q3p3 + q4p4),
Θ =
(q1p4 + q4p1)(q
2
3 + q
2
2)− (q2p3 + q3p2)(q21 + q24)
2
√
(q21 + q
2
4)(q
2
2 + q
2
3)
,
Φ =
1
2
Ξ1 =
1
2
(p1q4 − p4q1 − p2q3 + p3q2),(26)
Ψ =
1
2
Ξ0 =
1
2
(p1q4 − p4q1 + p2q3 − p3q2).
A complete treatment of this variables can be found in [Ferrer and Crespo, 2014, Crespo, 2015].
Note that these variables endow both, the χˆ and χi reduced spaces with a suitable set of
local coordinates.
Then, excluding the invariant manifoldsM1= {(q,Q)|q1=q4=0} andM2 = {(q,Q)|q2=
q3=0} where Levi-Civita transformation already shows the connection of the 2-D Kepler
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and isotropic oscillators, the Hamiltonian (1) in the new variables may be written as
Hω = H(ρ, θ,−,−, P,Θ,Φ,Ψ)
=
ρω
2
+ 2ρP 2 +
2
ρ
(
Θ2 +
Φ2 +Ψ2 − 2ΦΨ cos θ
sin2 θ
)
(27)
i.e. variables φ and ψ are cyclic, with Φ and Ψ as the corresponding first integrals. Thus,
the system of differential equations reduces to
dρ
dτ
=
∂H
∂P
,
dθ
dτ
=
∂H
∂Θ
,
dP
dτ
= −∂H
∂ρ
,
dΘ
dτ
= −∂H
∂θ
and two quadratures
(28) φ =
∫
(∂H/∂Φ) dτ and ψ =
∫
(∂H/∂Ψ) dτ.
4.1. On the Role of the Regularizations. Although the 4-D harmonic oscillator in
Cartesian variables is already linear, regular and separable, the preceding change of vari-
ables could be interpreted as an unnecessary effort. However, here is when regularizations
come into scene to show the 4-D oscillator’s dynamical richness.
Proposition 2. After regularization, the 4-D harmonic oscillator expressed in Projective
Euler variables becomes separable and includes the dynamics of the spheric rotor.
Proof. Considering the Hamiltonian (27) we fix the energy level Hω = h and according to
Poincare´ technique with dτ = (ρ/4)ds, the Hamiltonian becomes
(29) K = ρ
4
(Hω − h) = Kρ +Kθ
where
(30) Kρ = ωρ
2
8
+
ρ2P 2
2
− hρ
4
, Kθ = 1
2
(
Θ2 +
Φ2 +Ψ2 − 2ΦΨ cos θ
sin2 θ
)
,
in the manifold K = 0. That is to say, K has been separated in two 1-DOF subsystems
being Kθ the spherical rotor. 
Note that the Hamiltonian Kθ is obtained by making equal all the principal moments of
inertia of the free rigid body system in Euler angles, see [Marsden and Ratiu, 1999].
The main result of this work is to show the relationship of the KS map and the Projective
Euler variables. For this purpose just a rearrangement of (27) and a regularization are
needed to reach the spatial Kepler system. The next result is also given in a preliminary
version of this work by one of the authors [Ferrer, 2010].
Theorem 4.1. The restriction of the 4-D harmonic oscillator to either Φ = 0 or Ψ = 0
in Projective Euler variables becomes a 3-D Kepler system and a quadrature.
Proof. After a time regularization τ → s given by
(31) dτ = (4ρ)−1 ds.
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the flow is described by the Hamiltonian H˜ = 1
4ρ
(H − h) on the manifold H˜ = 0, where h
is a fixed value H = h. Equivalently, we can replace H˜ by
(32) K˜ = 1
2
(
P 2 +
Θ2
ρ2
+
Φ2 +Ψ2 − 2ΦΨ cos θ
ρ2 sin2 θ
)
− h
4ρ
in the manifold K˜ = −ω
8
. Moreover, the following rearrangement is convenient
(33) K˜ = HK + Ψ
2 − 2ΦΨcos θ
2ρ2 sin2 θ
,
where denoting γ = h/4, we have that HK is given by
(34) HK = 1
2
(
P 2 +
Θ2
ρ2
+
Φ2
ρ2 sin2 θ
)
− γ
ρ
.
That is to say, the Hamiltonian of the Kepler system in spherical coordinates, see [Goldstein et al., 2002]
x = ρ sin θ cosφ,
y = ρ sin θ sinφ,
z = ρ cos θ,
X =
1
2 ρ sin θ
[
cosφ
(
Θsin 2θ + 2Pρ sin2 θ
)− 2Φ sinφ]
Y =
1
2 ρ sin θ
[
sinφ
(
Θsin(2θ) + 2Pρ sin2 θ
)
+ 2Φ cosφ
]
Z = P cos θ − Θsin θ
ρ
(35)
Be aware of the fact that we are free to choose between the terms Ψ2/(ρ2 sin2 θ) or
Φ2/(ρ2 sin2 θ) for the definition of HK . In other words, we have to equivalent bilinear
relations.
The system of differential equations defined by (33) reads as follows
dρ
ds
=
∂K˜
∂P
=
∂HK
∂P
,
dθ
ds
=
∂K˜
∂Θ
=
∂HK
∂Θ
,(36)
dP
ds
= −∂K˜
∂ρ
= −∂HK
∂ρ
+
Ψ(Ψ− 2Φ cos θ)
ρ3 sin2 θ
,
dΘ
ds
= −∂K˜
∂θ
= −∂HK
∂θ
− Ψ(Ψ cos θ − Φ(1 + cos
2 θ))
ρ2 sin3 θ
,
together with the quadratures (28). Considering our choice in the definition of (34), we
restrict to the manifold Ψ = 0. Thus, the harmonic oscillator (36) with the quadrature
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φ =
∫
(∂HK/∂Φ) ds, reduces to the Keplerian system in the manifold HK = −ω8 . Once the
system (36) is integrated we obtain ψ
ψ =
∫
∂K˜
∂Ψ
ds = −
∫
Φcos θ
ρ2 sin2 θ
ds,
by injecting the expressions for Φ, θ and ρ. 
Theorem 4.1 relates the 4-D harmonic oscillator with a generalized Kepler system. In-
deed, the Hamiltonian (33) is connected to Hartmann and other ring-shaped potentials
[Kibler and Winternitz, 1987].
Note that, considering the inverse of the Projective Euler transformation (25), we may
see the transformation from spherical to Cartesian (35) as a projection H → R3. More
precisely, reversing (25) we have ρ =
∑
q2i and
sin θ =
2∆
ρ
, cos θ =
q21 − q22 − q23 + q24
ρ
,
sinφ =
q1q2 + q3q4
∆
, cosφ =
q2q4 − q1q3
∆
,
sinψ =
q1q2 − q3q4
∆
, cosψ =
q2q4 + q1q3
∆
,
where ∆ =
√
(q21 + q
2
4)(q
2
2 + q
2
3) and taking into account that
Ψ =
1
2
Ξ0 =
1
2
(p1q4 − p4q1 − p3q2 + p2q3) = 0
we obtain
x = 2(q2q4 − q1q3), X = 1
2ρ
(p4q2 + p2q4 − p1q3 − p3q1),
y = 2(q1q2 + q3q4), Y =
1
2ρ
(p2q1 + p1q2 + p4q3 + p3q4),
z = q21 − q22 − q23 + q24, Z =
1
2ρ
(p1q1 − p2q2 − p3q3 + p4q4),
(37)
in other words, the KS map, which may also be obtained as the transformation making
commutative the diagram in Figure 1.
T ∗H0 T
∗
H0
T ∗R30 T
∗
R
3
0
KS
PEF
Γ
pi
Figure 1. Commutative diagram. The map Γ is the transforma-
tion from spherical to Cartesian coordinates and pi is the projection
(ρ, φ, θ, ψ,R,Φ,Θ,Ψ)→ (ρ, φ, θ,R,Φ,Θ).
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Up to now we have presented the KS map as the connection between the flow of the
4-D oscillator and the bounded spatial Kepler system. However, both systems are super-
integrable and hence their flows are made of periodic closed curves, which in addition
define planar trajectories. Thus, one could ask for a connection beyond the KS map by
moving to the Keplerian orbital plane. That is to say, we look for a connection of the 4-D
oscillator and the planar Kepler system. This task is carried out by choosing a suitable set
of variables, which are given by a partial transformation of the phase space. Indeed, these
new coordinates are obtained by taking into account the separation of variables given in
Proposition 2, where the pair (ρ, P ) is fixed and the remaining variables (φ, θ, ψ, Φ, Θ, Ψ)
are transformed to the action-angle variables for the Hamiltonian Kθ. Details are to be
found in [Heard, 2006], pag. 88. Gathering of all of them, it leads to the Projective Andoyer
variables given in [Ferrer and Crespo, 2014, Crespo, 2015]
PAC : (ρ, λ, µ, ν, P,Λ,M,N) → (q,p),
which, after some computations and using quaternionic notation, lead to the following
compact formula for the explicit change of variables
q =
√
ρqk,ν qi,J qk,µ qi,I qk,λ,
p =
1
4ρ2
qw∗,
(38)
where ql,α = (cosα+ l sinα) for l = i, j,k and w = (τ1, ρ1, ρ2, ρ3), which components were
defined in (18) and are given by
τ1 = ρP,
ρ1 = 2
√
M2 −N2 sin ν,
ρ2 = 2
√
M2 −N2 cos ν,
ρ3 = 2N.
Note that these variables are not defined for M = 0, since the motion is rectilinear. The
following result shows how the bilinear and twin-bilinear functions can be used to connect
the 4-D harmonic oscillator with a planar Kepler system.
Theorem 4.2. System (1) in Projective Andoyer variables, when properly regularized,
includes the planar Keplerian system for any value of the bilinear functions Λ and N .
Proof. Let us consider the regularization g(ρ) = 1/(4ρ) and the Projective Andoyer vari-
ables. Then, considering γ = h/4 we obtain
(39) K˜ = g(ρ)(Hω − h) = 1
2
(
P 2 +
M2
ρ2
)
− γ
ρ
in the manifold K˜ = −ω/8, which is the hamiltonian of the planar Kepler system in polar
coordinates, see [Meyer et al., 2009] 
Remark 1. It is important to be aware of the fact that in our development (λ, ν,Λ, N)
are integrals for which no particular value need to be fixed at any time. This feature is
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in contrast with the fixed value of the bilinear relation identically zero. The explanation
of this apparent contradiction is that the cases Λ 6= 0 or N 6= 0 do not allow for M = 0,
which correspond with rectilinear orbits. Thus, Projective Andoyer variables connect the
4-D oscillator and the non-rectilinear 2-D Kepler system.
T ∗H0 T
∗
H0
T ∗R20 T
∗
R
2
0
Υ
PAF
Σ
pi
Figure 2. Commutative diagram. The map Σ is the transforma-
tion from polar to Cartesian coordinates and pi is the projection
(ρ, λ, µ, ν,R,Λ,M,N) → (ρ, µ,R,M).
The diagram given in Figure 2 is the Andoyer analogue version to the corresponding
diagram in Figure 1. In the Euler diagram the KS map makes it commutative, for the
Andoyer case it is a matter of study to look for a Υ map making the Andoyer diagram
commutative.
5. Conclusions
Besides of the valuable geometric insight of the KS map given in [Saha, 2009], it also
admits an interpretation in terms of the S1-reductions associated to the bilinear or the
twin-bilinear functions. Moreover, it is also shown the way in which the old angles coming
from celestial mechanics are nothing but the angles associated to the fibre of the mentioned
actions. This feature of the angles coordinates enables them for a very simple and straight-
forward derivation of the KS map. Precisely, by means of the Projective Euler variables we
show in a direct way the connection between the 4-D isotropic harmonic oscillator and the
bounded spatial Kepler system, providing an alternative construction of the KS map. In
addition, we have shown that there are more symmetries playing a role in this setting, i.e.,
the twin-bilinear relation and the centralizer. Projective Andoyer variables take advantage
of these symmetries to connect the 4-D isotropic harmonic oscillator and the bounded pla-
nar Kepler system. As a coming task, these authors would like to investigate the existence,
properties and expression in terms of quaternions of Υ, the analogous to the KS map given
in Figure 2.
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